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In this research paper, we compute the ranks and subdegrees of the symmetric group
Sn(n =3, 4, 5) acting on unordered pairs from the set X ={1,2,...,n}. When S, (n 2 4) acts
on unordered pairs from X, the rank is 3.Therefore the main study will be on the
subdegrees of the suborbitals. The suborbital graphs corresponding to the suborbitals
of these actions are also constructed. The graph theoretic properties of these
suborbital graphs are also discussed. When S, (n 2 4) acts on unordered pairs the
suborbital graphs I; and I, corresponding to the non-trivial suborbits A; and A,, are

connected, regularand complementary.
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INTRODUCTION

In this paper we investigate some properties of
the symmetric group S, (n = 3, 4, 5) acting on
unordered pairs from X = {1, 2, ...,n}.We also find
suborbits and suborbitals of S, (n = 3, 4, 5) and
construct suborbital graphs corresponding to
these suborbitals. We shall also discuss some of
the graph theoretic properties of these suborbital
graphs.

This paper is divided into three parts; with our
main results in part two.

In part one, we give definitions and preliminary
results needed throughout the paper.

In part two, we investigate some properties of the
action of S, (n = 3, 4, 5) on unordered pairs.

Next, we find the ranks, suborbits and construct
suborbital graphs, corresponding to suborbitals of
Sh (n = 3, 4, 5). We also discuss the graph
theoretic properties of these suborbital graphs.

Finally in part three, we give conclusions.
Definitions and preliminaries

We establish background information and results
that will be used throughout this paper.

Notations

Yi— Sum over i.

(3) - a combination b.

S, - Symmetric group of degree n and order n!.

|G| - The order of a group G.

X@ - The set of unordered pairs from the set X =
{1,2,...,n}.

{t, q} - Unordered pair.

XxY — Cartesian product of X and Y.
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Permutation groups
Definition 1.2.1

Let X be a non-empty set. A permutation of X is a
one-to-one mapping of X onto itself.

Definition 1.2.2

Let X be the set {1,2,...,n}, then the symmetric
group of degree n is the group of all permutations
of X under the binary operation of composition of
maps. It is denoted as S,and has an order n!.

Definition 1.2.3

A permutation of a finite set is even or odd
according as it can be expressed as the product
of an even or odd number of 2-cycles
(transpositions).

Group actions
Definition 1.3.1

Let X be a non-empty set. The group G acts on
the left on X if for each ge G and each xe X there
corresponds a unique element gxe X such that:

(i) (8182)% = 81(82%),Vg1,8; € Gand x € X.

(ii) For any x € X, 1x = X, where 1 is the identity in
G. The action of G from the right on X can be
defined in a similar way. In fact it is merely a
matter of taste whether one writes the group
element on the left or on the right.

Definition 1.3.2

Let G act on a set X. Then X is partitioned into
disjoint equivalence classes called orbits or
transitivity classes of the action. For each x €X,
the orbit containing x is called the orbit of x and is
denoted by Orbg (x).

Definition 1.3.3

If a finite group G acts on a set X with n elements,
each g € G corresponds to a permutation o of X,
which can be written uniquely as a product of
disjoint cycles. Ifo has «; cycles of length 1, «,
cycles of length 2, «3 cycles of length 3, ..., <,

cycles of length n; then we say that ¢ and hence g
has a cycle type (o¢;, *%,, X3, ..., o).

Definition 1.3.4

If the action of a group G on a set X has only one
orbit, then we say that G acts transitively on X. In
other words, G acts transitively on X if for every
pair of points X, y € X, there exists g € G such that

gx=Yy.

Theorem 1.3.5 [Krishnamurthy, 1985, p. 68].

Two permutations in S,are conjugate if and only if,
they have the same cycle type, and if

g € S, has a cycle type (x,x,,...x,), then the
number of permutations in S,conjugate to g is

n!

n 1%
[T = 1 o i .

Theorem 1.3.6 [Cauchy — Frobenius Lemma —
Rotman,1973,p.45.

Let G be a group acting on a finite set X. then the
number of G-orbits in X

1
a7 . Fix @)

Graphs

Definition 1.4.1

A graph is a diagram consisting of a set V whose
elements are called vertices, nodes or points and
a set E of unordered pairs of vertices called edges
or lines. We denote such a graph by G(V,E) or
simply by G if there is no ambiguity of V and E.
Definition 1.4.2

A graph consisting of one vertex and no edges is
called a trivial graph.

Definition 1.4.3

A graph whose edge set is empty is called a null
graph.

Definition 1.4.4

If we allow the existence of loops (edges joining
vertices, to themselves) and multiple edges (more



than one edge joining two distinct vertices), then
we get a multigraph.

Definition 1.4.5

A graph with no loops or multiple edges is called a
simple graph.

Definition 1.4.6

The degree (valency) of a vertex v of G(V,E) is the
number of edges incident to v.

Definition 1.4.7

Any vertex of degree zero is called an isolated
vertex.

Definition 1.4.8

A graph G(V,E) is said to be connected if there is
a path between any two of its vertices.

Definition 1.4.9

The girth of a graph G(V,E) is the length of the
shortest cycle if any in G(V,E).

Definition 1.4.10

A graph in which every vertex has the same
degree is called a regular graph.

Suborbits and suborbital graphs
Definition 1.5.1

Let G be transitive on X and let G, be the
stabilizer of a point xe X. The orbits

Ao= {x}, Ap,A,, ..., A, Of G, on X are called the
suborbits of G. The rank of G is r and the sizes n;
= |a;| (1 = 0,1,2,...,r-1) often called the lengths of
the suborbits, are known as subdegrees of G.

It is worth while noting that both r and the
cardinalities of the suborbits A;(i = 0, 1, ..., r-1)
are independent of the choice of x € X.

Theorem 1.5.2 [Wielandt, 1964, Section 16.5]

G, has an orbit different from {x} and paired with
itself if and only if G has even order. Observe that
G acts on XxX by

g(x, y) = (g%, gy), g€ G, x,y € X.
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If O € XxX is a G-orbit, then for a fixed x € X, A
{y € X|(x,y) € 0} is a G, orhit.

Conversely, if A< X is a G, orbit, then O =
{gx,gy)| g € G,y €A} is a G-orbit on XxX. We say
A corresponds to O.

Actions of the symmetric group S, on
unordered pairs

We investigate some properties of the action of S,
on the set of all unordered pairs from

X={1,2, ..,n}. We shall also construct and
dicuss the suborbital graphs associated with this
action. Let G = S, act naturally on X. Then G acts
on X® | the set of all unordered pairs from X by the
rule;

glxy} = {gx gy}, vge G and {x,y} € X?.

Some general results of permutation groups
acting on X®

The following two Theorems, whose proofs are
given, will be very useful in this part, for the
calculations of the number of unordered pairs
fixed by g, that is |Fix (g)| and the number of
permutations in G fixing {a,b} and having the
same cycle type as g € G respectively.

Theorem 2.1.1

Let G be a symmetric group S, acting on a set X
={1,2,..,n} and geG have cycle type
(1, ,, ..., %,). Then |Fix (g)| in X@ is given by

(5)* <
Proof

For geG with cycle type (o, %, ..., ;) to fix an
unordered pair {a, b}, then either both a and b
come from cycles of length 1 in g or both come
from a 2-cycle in g.

From the first case, the number of unordered pairs

fixed by g is (O;I) and from the second case the

number of unordered pairs fixed by g, is the
number of 2-cycles in g; that is

Therefore|Fix (g)| in g is (0;1)+ %2

o< ]
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Theorem 2.1.2

Let G be symmetric group S, acting on the set X = {1,2,...,n} and let geG have, say cycle type
(¢4, 5, ..., %, ). Then the number of permutations in G fixing {a, b} and having the same cycle type as g is
given by;

(n-2)! (n—2)!

+

n n

1%172 (o¢, — 2)! H o i%i1%1 oy 1 2% (o, — 1) ! 1_[ oc; i

i=2 i=3

Proof
For a permutation in G having cycle type (x;, %5, ..., ;) to fix {a, b}, either
(i) a and b are in single cycle and in this case the number of permutations in S, of cycle type
(¢4, %5, ..., ¢,) fixing {a, b} is the same as the number of permutations in S,_, of cycle type (oc;—
2,5, ...,%,). By Theorem 1. 3. 10, this number is
(0 | 1
1%172 (o¢;— 2)! [T, o, ! i

Or (i) a and b are in a 2 — cycle and in this case the number of permutations in S, of cycle type
(x4, %5, ..., ;) fixing {a, b} is the same as the number of permutations in S,_, of cycle type
(¢q,¢,—1, ..., ). By theorem 1.3.10, this number is

(N=2) )

1%1 o¢y 12%2-1 (o¢,— D)1y o ! 0%

Adding (1) and (2) we get the number of permutations in G fixing {a, b} and having the same cycle type
as geG. That is
(n-2)! (n — 2)!

n + n

1%172 (Ocl—z)!l_[ oG %1% oy 1 2%271 (o¢,-1) ! H o i

i=2 i=3
Suborbits of S, (n = 3,4,5) acting on X®and the corresponding suborbital graphs

Suborbits of G = S; acting on x@and the corresponding suborbital graphs

Lemma2.2.1.1

G acts transitively on x®@.

Proof

By Definition 1.3.4, it suffices to show that the action of G has only one orbit. We do this by use of Cauchy
— Frobenius lemma (Theorem 1.3.6).

Let g € G have cycle type («;, %,, «3), then the number of permutations in G having the same cycle type

as g is given by Theorem 1.3.5. The number of elements in X® fixed by g is given by Theorem 2.1.1.
We have the following table 1;
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Table 1: Permutations in G and the number of fixed points

Permutation g in G No. of permutations [Fix (g)| in X®  cycle type (o¢q ¢z 3)
1 1 3 (3.0,0)
(ab) 3 1 (1,1,0)
(abc) 2 0 (0,0,1)
Total 6

Now applying Cauchy — Frobenius Lemma, we get the number of orbits of G acting on X®@
Yl Fix(g)] =<{(1x3) + (3x1) + (2x0)}

5
= g Xx6=1
Thus G = S; acts transitively on X@"

Lemma2.2.1.2

The number of orbits of Gy, ,; acting on X? is 2.

Proof

To prove this, we apply the Cauchy — Frobenius Lemma (Theorem 1.3.6).

The second and the third columns of the following table 2 can be got by applying Theorems 2.1.2 and

2.1.1 respectively in table 2.

Table 2: Permutations in G ;3 and the number of fixed points in x®

Permutation in Gy No. of permutations [Fix (g)| in X¥ Cycle type (o4, o5, 3)
[ 1 3 (3,0,0)
(12) (c) 1 1 (1,1,0)

Therefore|Gy, 5| = 2.
Now, applying Cauchy — Frobenius Lemma, the number of orbits of G, 53 on X®@

1
= — Fi
o] > IFix(@)l

gEG{l_Z}
¥%((1x3) + (1x1))
Yoax4=2.
The two orbits of Gy, 3 acting on X®found in the immediate lemma above are;
Orbg,,,,{1,2} = {{1,2}} = A,, the trivial orbit and
Orbg,,,{1,3} = {{1,3},{2,3}} = A,, thesetofall unordered pairs containing exactly one of 1 and 2.

Therefore the rank of G onX® is 2 and the subdegrees are 1 and 2.

Next, we discuss the suborbitsa, and A; and the corresponding suborbital graphs.

The suborbital graph corresponding to A, is the null graph which is not as such interesting. We now
consider the non-trivial suborbit A;. Since the |G| = 6 is even, by Theorem 1.5.2, A, is self-paired and
hence, the corresponding suborbital graph T, is undirected.
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Since the suborbital O; corresponding to the suborbita;is O; = {(g{1, 2},)g{1, 3}|g €G},

(see Section 1.5) the suborbital graph I'; corresponding to suborbital O, has two 2-element subsets V and
W from X = {1, 2,3} adjacent if and only if [V nW| = 1. I';is connected and regular of degree 2.

The properties discussed above can be clearly seen by construction of the suborbital graph I'; as follows
in figure 1.

{12}

(2.3} {13}

Figure 1: The suborbital graph I'; corresponding to the suborbit A, of Gon x®@

Suborbits of G = S,acting on X? and the corresponding suborbital graphs
Lemma 2.2.2.1

G acts transitively on X,

Proof

By Definition 1.3.4, it is enough to show that the action of G has only one orbit. We do this by use of
Cauchy-Frobenius Lemma (Theorem 1.3.6).

Let g € G have cycle type (x;, %,, %3,,), then the number of permutations in G having the same cycle
type as g is given by theorem 1.3.5 and the number of elements in X@ fixed by g is given by Theorem
2.1.1.

We now have the following table 3.
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Table 3: Permutations in G and the number of fixed points

Permutation No. of permutations [Fix (g)] in X® Cycle type (xq, %y, X3, %4)
1 1 6 (4,0,0,0)

(ab) 6 2 (2,1,0,0)

(abc) 8 0 (2,0,1,0)

(abcd) 6 0 (0,0,0,1)

(ab)(cd) 3 2 (0,2,0,0)

Total 24

Now applying the Cauchy-Frobenius Lemma, we get
Number of orbits of G acting on X? = ﬁzﬂFix ©|

—[(1x6) + (6x2) + (8x0) + (6x0) + (3x2)]
—(6+12+6)= - (24) = 1.
Thus G acts transitively on X"

Lemma 2.2.2.2

The number of orbits of G, ,; acting on X®@ is 3.

Proof

To prove this, we apply the Cauchy- Frobenius Lemma (Theorem 1.3.6).

The second and the third columns of the following table 4 can be got by applying Theorems 2.1.2 and
2.1.1 respectively.

Table 4: Permutations in Gy, »; and the number of fixed points in X®"

Permutation g in Gr,;  No. of permutations  [Fix (g)| in X'¥ Cycle type (o4, &5, X3, 0¢4)
1 1 6 (4,0,0,0)

(1) (2) (cd) 1 2 (2,1,0,0)

(12) (c) (d) 1 2 (2,1,0,0)

(12) (cd) 1 2 (0,2,0,0)

Total 4

Applying Cauchy-Frobenius Lemma, we get the number of orbits of G, 3 on X®@_ That is

> IFix(@)l
8€Gyq,2}
[(1x6) + (1x2) + (1x2) + (1x2)]

~ [Gaa

1
4
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The three orbits of G, ,; acting on X®@ determined above are;

Orbg,, ,,{1,2}= {{1,2}}= A,, the trivial orbit

OrbG{LZ}{l,B}: {{1,3},{1,43,{23}, {24 }} = 4, the set of all unordered pairs containing exactly one of 1
and 2.

Orbg,, , {3,4}= {{3,4}} = a,, the set of all unordered pairs containing neither 1 nor 2.

Therefore the rank of G on X is 3. And the subdegrees are 1,4,1.

We now discuss the suborbitsa,,A; and A, and the corresponding suborbital graphs. The suborbital
graph corresponding to A, is the null graph which is not interesting as such.

We, therefore discuss the non-trivial suborbitsa;and A,.

Since |G| = 4! = 4x3x2x1 = 24 is even, by Theorem 1.5.2, A, and A, are self-paired and hence their
corresponding suborbital graphs I'; and I, are undirected.

The suborbital O, corresponding to the suborbita; is O; = {(g{1, 2},g{1,3})Ig € G};

(see Section 1.5). The suborbital graph I'; corresponding to the suborbital O; has two 2- element
subsets V and W from X = {1,2,3,4} adjacent if and only if [VNW| = 1.

Similarly, the suborbital O, corresponding to the suborbita, is

02: {(g{l,Z}, g{3'4’})|g € G}

The suborbital graph I, corresponding to O, has two 2- element subsets V and W adjacent if and only if
[vh w|= 0.

Clearly I'; and ', are complementary. It can also be easily seen that I'; is regular of degree 4 and its
girth is 3. T,is regular of degree 1.

The properties mentioned above can easily be seen by constructing the suborbital graphs I'; and T, as
follows in figure 2, 3.

(1,2} (1,3}

(3,4} (1,4}

{24} e e {2,3}

Figure 2: The suborbital graph T, corresponding to the suborbit A; of G on X®
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{1,2} 1,3}

{14}

e,
2
sl

i

1 andT, are complementary.

Figure 3: The suborbital graph I, Corresponding to the suborbit Az of Gg; 530N X@

Suborbits of G = Sgacting on X®and the corresponding suborbital graphs

Lemma 2.2.3.1

G acts transitively on X®.

Proof

By Definition 1.3.4, it suffices to show that the action of G onX®has only one orbit. We do this using

Cauchy — Frobenius Lemma (Theorem 1.3.6).
Let g € G have cycle type (o4, x,, 3, x,, Xs), then the number of permutations in G having the same

cycle type as g is given by Theorem 1. 3. 5. The number of elements in X fixed by g is given by

Theorem 2.1.1.
We now have the following table 5;

Table 5: Permutations in G and the number of fixed points

Permutation No. of permutations |Fix(g)| inX® Cycle type (o¢q, Xy, X3, Xy, X5)
| 1 10 (5,0,0,0,0,)
(ab) 10 4 (3,1,0,0,0)
(abc) 20 1 (2,0,1,0,0)
(abcd) 30 0 (1,0,0,1,0)
(abcde) 24 0 (0,0,0,0,1)
(ab)(cd) 15 2 (1,2,0,0,0,)
(ab)(cde) 20 1 (0,1,1,0,0,)

Total 120

Applying the Cauchy —Frobenius Lemma, we get
Number of orbits of G acting onX® = L ¥'|Fix(g)|
= 1 {(1x10) + (10x4) + (20x1) + (30x0) + (24x0) + (15x2) + (20x1)}

120
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:ﬁ(10+40+20+30+20)

_ 120 _

Thtjzs0 G acts transitively onX@®.

Lemma 2.2.3.2

The number of orbits of G, ,; acting on X@ is 3.

Proof

To prove this we apply the Cauchy- Frobenius Lemma (Theorem 1.3.6).

From Theorems 2.1.2 and 2.1.1, the second and the third columns of the following table 6 can be

obtained as follows;

Table 6: Permutations in Gy ; and the number of fixed points in X

Permutation g in Gy 2 No .of permutations [Fix(g)| in X@® Cycle type(«y, o, X3, 45)
[ 1 10 (5,0,0,0,0,)
(1)(2)(cde) 2 1 (2,0,1,0,0)
(1(2)(cd)(e) 3 4 (3,1,0,0,0)
(12)(©)(d)(e) 1 4 (3,1,0,0,0)
(12)(cde) 2 1 (0,1,1,0,0)
(12)(cd)(e) 3 2 (1,2,0,0,0,)

Total 12

Now applying the Cauchy-Frobenius Lemma we get the number of orbits of G, 53 on X®,
ﬁ S |Fix (g)| = %{(1){10) + (2x1) + (3x4) + (1x4) + (2x1) + (3x2)}
1,2
:§(10+ 2+12+4+2+6)
==(36) =3.
The three orbits of Gy, ,; acting on X® determined above are;
Orbg,, ,,{1,2}= {{1,2}} = A,, the trivial orbit.
Orbg,, ,,= {{1,3},{1,4},{1,5},{2,3},{2,4},{2,5}} = A,, the set of all unordered pairs containing exactly one
of 1 and 2.
Orbg,, ,,= {{3,4},{3,5},{4,5}} = A, the set of all unordered pairs containing neither 1 nor 2
Therefore the rank of G on X® is 3 and the subdegrees are 1, 6 and 3.
We now discuss the suborbits A,,A;andA, and the corresponding suborbital graphs.
The suborbital graph corresponding to 4, is the null graph.
We now discuss the non-trivial suborbits A; and A, .
Since the |G| =5!=5x4x 3 x2x1=120is even, by Theorem 1.5.2, A;and A, are self paired and
hence their corresponding suborbital graphs ', and ', are undirected.
The suborbital 0, corresponding to the suborbit A, , is 0, = {(g{1,2},g{1,3})|g € G}
(see Section 1.5). The suborbital graph I'; corresponding to the suborbital has two 2-element subsets V
and W from X = {1, 2, 3, 4,5} adjacent if and only if |[vnW]|=1.
Similarly the suborbital 0, corresponding to the suborbit A, is0, = {(g{1, 2},g{3,4})Ig € G}
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The suborbital graph corresponding to 0, has two 2- element subsets V and W

adjacent if and only if [vnW|=0.

Clearly 'y and I, are complementary. It can easily be seen that I'; is regular of degree 6. Its girth is 3.
I,is regular of degree 3 and its girth is 5., isthe famous Petersen graph.

The properties discussed above can easily be seen by constructing the suborbital graphs I'; and I, as
follows in figure 4, 5.

I is regular of degree 6.1ts girth is 3.

Figure 4: The suborbital graph I; corresponding to the suborbit A; of G on X®
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{12}

34}

{1,5}
[, is the famous Petersen graph.

It is regular of degree 3.
. - < [ 2
Since I, and T, are connected, G acts primitively on X',

Figure 5: The suborbital graph T, corresponding to the suburbit A, of G on X®

24)

{3,

}



CONCLUSION

In this paper, we have discussed some properties
of S,, (h =3, 4, 5) acting on unordered pairs.

We found out that S, (n = 3, 4, 5) acts transitively
and primitively on X@®.

S; is of rank 2 and has subdegrees 1 and 2.
Ssand Ss, each is of rank 3 and have subdegrees
1,4,1 and 1,6,3 respectively.

The suborbital graph corresponding to the non-
trivial suborbit of S; is connected and regular of
degree 2.

The suborbital graphs corresponding to the non-
trivial suborbits of S, and Ss are regular and
complementary to each other.

In Ss, the second suborbital graph, I, is the
famous Petersen graph that is regular and of
degree3. Its girth is 5.

REFERENCES

Akbas M (2001). Suborbital graphs for Modular group,
Bulletin of the London Mathematical Society 33:647 —
652.

Cameron PJ (1972). Permutation groups with multiply
transitive  suborbits I. Proc. LondonMath.Soc.
23(3):427 — 440.

Cameron PJ (1974). Permutation groups with multiply
transitive suborbits Il. Bull. LondonMath.Soc.6:136 —
140.

Cameron PJ (1978). Orbits of permutation groups on
unordered sets. J. LondonMath.Soc.17(2):410 — 414.

Chartrand G (1993). Applied and algorithmic graph
theory. International series in pure and applied
mathematics: 238-240.

Coxeter HSM (1986). My graph, Proceedings of
London Mathematical Society 46: 117 — 135.

Faradzev IA, Ivanav AA (1990). Distance transitive
representations of groups G with

PSL(Z, q) <G< PFL(Z, q). European Journal

of combinatorics 11: 347 — 356.

Harary F (1969). Graph Theory. Addison-Wesley
Publishing Company New York.

Higman DG (1964). Finite permutation groups of rank
3. Math.Zeitschrifl.86: 145 — 156.

Higman DG (1970). Characterization of families of rank

3 permutation groups by subdegrees. I. Arch.
Math21: 151-156.
Jones GA, Singerman D, Wicks K (1991).

GeneralisedFarey graphs in groups, St. Andrews
1989, Eds. C. Campbell and E. F. Robertson, London
Mathematical Society Lecture notes series 160,
Cambridge University Press, Cambridge 316 — 338.

345. Njagi et al.,

Kamuti IN (1992). Combinatorial formulas, invariants
and structures associated with primitive permutation
representations of PSL (2, q) and PGL (2, g). Ph. D.
Thesis, University of Southampton, U.K.

Kamuti IN (2006). Subdegrees of primitive permutation

representation of PGL(2,q), East African Journal

of Physical Sciences 7(1/2): 25 — 41.
Kangogo M (2008). Properties of some actions of the

symmetric group Se and associated combinatorial

formulas and structures, M.Sc. Project; Kenyatta
University, Kenya.

Krishnamurthy V (1985). Combinatorics, theory and
applications. Affliated East West Pressprivate
Limited, New Delhi.

Neumann PM (1977). Finite permutation groups Edge
— coloured graphs and matrices, edited by M. P. J.
Curran, Academic Press, London.

Petersen J (1898). Sur le. Theore’'me de Taitintermed
Math 5: 225 — 227.

Rose JS (1978). A course in group theory. Cambridge
University Press, Cambridge.

Rosen KH (1999). Handbook of Discrete and
Combinational Mathematics.CRC Press, New Jersey.

Rotman JJ (1973). The theory of Groups: An
introduction. AllynandBacon, Inc. Boston, USA.

Rotich KS (2008). Some properties of the symmetric

group 57 acting on ordered and unordered pairs and

the associated combinatorial structures, M.Sc.
Project, Kenyatta University, Kenya.

Sims CC (1967). Graphs and finite permutation groups.
Math. Zeitschrift.95: 76 — 86.

Wielandt H (1964). Finite permutation groups.
Academic Press, New York and London.



